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1. Introduction
A Riemannian manifold ( ) is called an Einstein manifold if its Ricci tensor
ric satisfies ric = for some constant . This paper deals with noncompact homo-
geneous Einstein manifolds. All known examples of nonflat noncompact homogeneous
Einstein manifolds are isometric to solvable Lie groups endowed with left invariant
Einstein metrics. It has been conjectured by D.V. Alekseevskii that every noncompact
homogeneous Einstein manifold has maximal compact isotropy subgroups. This con-
jecture implies that the classification of noncompact homogeneous Einstein manifolds
is reduced to the investigation of solvable Lie groups with left invariant Einstein met-
rics. The conjecture is still an open problem.
The purpose of this paper is to construct a class of noncompact homogeneous Ein-
stein manifolds, which we call Boggino-Damek-Ricci type Einstein spaces (abbreviated
to BDR-type Einstein spaces). Each element of this class is represented as a simply
connected solvable Lie group with a left invariant metric. In 1985 J. Boggino con-
structed a class of Einstein manifolds with nonpositive sectional curvature which in-
cludes rank one symmetric spaces of noncompact type ([3]). These spaces are now
called Damek-Ricci Einstein spaces ([2]). The class of BDR-type Einstein spaces is
constructed as a 1-dimensional solvable extension of a 2-step nilpotent Lie algebra and
contains Damek-Ricci Einstein spaces. Note that Damek-Ricci Einstein space has neg-
ative sectional curvature if and only if it is symmetric space ([3], [9]). In this paper
we prove that there exist nonsymmetric BDR-type Einstein spaces with negative sec-
tional curvature.
In Section 2 we define BDR-type spaces and investigate curvature property and
Einstein condition of the BDR-type spaces. Using the Kaplan’s ([7]), we give for-
mulas for curvature and Ricci transformation of BDR-type spaces (Lemma 2.1, 2.2).
From Lemma 2.2 we see that the Einstein condition is reduced to the condition of
the nilpotent part of BDR-type spaces (Proposition 2.3). We also give a sufficient con-
dition that BDR-type space has nonpositive sectional curvature in Proposition 2.5. A
Damek-Ricci Einstein space satisfies the condition of Proposition 2.5 and thus this
gives another proof of the fact that it has nonpositive sectional curvature.
In Section 3 we construct BDR-type Einstein spaces which are not Damek-Ricci
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Einstein spaces. We define a class of BDR-type Lie algebras whose nilpotent parts are
obtained by a decomposition of isometry groups of Ka¨hler C-spaces. By computing
the Ricci transformations of 2-step nilpotent algebras of the above type we construct
BDR-type Einstein spaces. Note that BDR-type Einstein spaces may not always have
nonpositive sectional curvature. In Theorem 3.2 we prove that there exist nonsymmet-
ric BDR-type Einstein spaces with negative sectional curvature.
The author would like to express his gratitude to Professor Yusuke Sakane for his
valuable discussions and encouragement.
2. Boggino-Damek-Ricci type spaces
2.1. BDR-type spaces Let n denote a finite dimensional Lie algebra over R.
For each integer ≥ 1 we define n( ), an ideal of n, by n( ) = [n n( −1)], where n(0) =
n. The Lie algebra n is n-step nilpotent if n( ) = {0} and n( −1) 6= {0}.
Let (n 〈 〉
n
) be a 2-step nilpotent Lie algebra with a positive definite inner prod-
uct, a a one-dimensional real vector space and a non-zero vector in a. Let z denote
the center of n and let v denote the orthogonal compliment of z in n.
We define the R-linear map : a → End(n) by
( ) =
2
( ) = for ∈ v ∈ z
where is a positive constant. Since the endomorphism ( ) is derivation of n, the
semi-product s = n× a becomes a solvable Lie algebra whose derived subalgebra is n.
We define an inner product 〈 〉
a
on a and 〈 〉 on s by
〈 〉
a
= 1 〈 〉 = 〈 〉
n
⊕ 〈 〉
a
In this way, (s 〈 〉) becomes a Lie algebra with a positive definite inner product and is
called Boggino-Damek-Ricci type Lie algebra (abbreviated to BDR-type Lie algebra).
DEFINITION 2.1. For a BDR-type Lie algebra (s 〈 〉), the corresponding connected
and simply connected Lie group S with the induced left-invariant Riemannian metric g
is called a Boggino-Damek-Ricci type space.
We compute the Levi-Civita connection ∇, the sectional curvature and the
Ricci transformation Ric of the Boggino-Damek-Ricci type space ( ) in terms of
the metric Lie algebra (s 〈 〉).
Let ( ) be a simply connected Lie group with a left-invariant metric and
(g 〈 〉) be the associated metric Lie algebra. Regarding , and in g as left in-
variant vector fields on we obtain the following formulas:
2〈∇ 〉 = 〈[ ] 〉 − 〈[ ] 〉 − 〈[ ] 〉(2.1)
( ∧ ) = |∇ |2 − 〈∇ ∇ 〉 − 〈 2 〉 − |[ ]|2(2.2)
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where ( ∧ ) = 〈 ( ) 〉 = 〈(∇ ∇ −∇ ∇ −∇[ ]) 〉.
Ricci tensor is defined by ric( ) = trace( → ( ) ) for all in g.
The Ricci transformation Ric : g → g is symmetric (1, 1)-tensor induced by the Ricci
tensor. Let ( ) ∈ is an orthonormal basis of g with respect to 〈 〉, then Ric is given
by
Ric = 1
4
∑
∈
◦ ∗ − 1
2
∑
∈
∗ ◦ − 1
2
− σ(2.3)
where ( )∗ is the adjoint operator with respect to 〈 〉, σ is the vector dual to the
1-form → tr( ), ( ) is symmetrizer, i.e. σ = ( σ + σ∗)/2, and is the
Cartan-Killing operator, i.e. 〈 ( ) 〉 = tr( ◦ ) (cf. [1]).
We are primarily interested in the case that the Lie group is Boggino-Damek-Ricci
type space. From now on, let ( ) be a Boggino-Damek-Ricci type space (abbrevi-
ated to BDR-type space), (s 〈 〉) be the corresponding metric Lie algebra and (n 〈 〉
n
)
be the derived subalgebra of s. In our case , which is defined by ( ), is symmet-
ric, hence formula (2.1) yields the following expression for the Levi-Civita connection
∇.
∇ = 0
∇ = − ( ) for ∈ n(2.4)
∇ = ∇n + 〈 ( ) 〉 for ∈ n
where ∇n denotes the Levi-Civita connection of (n 〈 〉
n
).
For 2-step nilpotent Lie algebra n, we define the R-algebra homomorphism :
z → End(v) introduced by A. Kaplan in [7]. For each element ∈ z we define a skew
symmetric linear transformation ( ) : v → v by
( ) = ( )∗(n) for ∈ v
where ( )∗(n) denotes the adjoint operator with respect to 〈 〉
n
. Notice that the transfor-
mations { ( ) | ∈ z} characterize the Lie algebra structure of metric 2-step nilpotent
Lie algebra.
Now we can express the connection ∇ using this operator . we obtain
∇ 1+ 1 ( 2 + 2 + ) = −
1
2
( 2) 1 − 12 ( 1) 2 +
1
2
[ 1 2]
+
2
{〈 1 2〉 + 2〈 1 2〉} − 2 ( 1 + 2 1)
for 1 2 ∈ v, 1 2 ∈ z, ∈ R. By a straightforward computation using (2.2) we
get the following lemma.
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Lemma 2.1. For ∈ R, = 1 + 1 + and = 2 + 2,
( ∧ ) = 〈 ( ) 〉
=
1
4
| ( 1) 2 + ( 2) 1|2 − 〈 ( 1) 1 ( 2) 2〉
+
2
4
(〈 1 2〉 + 2〈 1 2〉)2 −
2
4
(| 1|2 + 2| 1|2)(| 2|2 + 2| 2|2)
− 3
4
|[ 1 2] + 2|2 −
2 2
4
(| 2|2 + | 2|2)
Next we determine the Ricci transformation of BDR-type spaces. Using the uni-
modularity of n we obtain the following:
Lemma 2.2. If { 1 . . . } is an orthonormal basis of z and { 1 . . . } is
an orthonormal basis of v, then
Ric( ) = − 2
(
4
+
)
(a)
Ric( ) = 1
2
∑
=1
( )2 −
2
2
(
2
+
)
for ∈ v(b)
Ric( ) = 1
4
∑
=1
[ ( ) ]− 2
(
2
+
)
for ∈ z(c)
In particular Ric leaves a, v and z invariant.
Proof. Since ( ) = − 2 for ∈ s, we obtain
( ) = −
2
4
for = 1 . . . ( ) = − 2 for = 1 . . .
and (a) follows immediately. By third equation of (2.4) we have
(2.5) Ric( ) = Ricn( )− tr( ) · for ∈ n
where Ricn denotes the Ricci transformation of (n 〈 〉
n
). Notice that in the case of
nilpotent Lie algebra the formula (2.3) is reduced to the following form:
Ric = 1
4
∑
∈
◦ ∗ − 1
2
∑
∈
∗ ◦(2.6)
Using (2.6) Ricn is computed as
Ricn( ) = 1
2
∑
=1
( )2
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Ricn( ) = 1
4
∑
=1
[ ( ) ]
REMARK. For 2-step nilpotent metric Lie algebras, the Ricci transformations are
computed in [5].
2.2. Einstein condition of BDR-type spaces A Riemannian metric is called
Einstein metric if its Ricci tensor satisfies ric = for some constant . If a BDR-type
space ( ) is Einstein manifold then the Einstein constant must be − 2(( /4) + )
from (a) of Lemma 2.2. Since Ricn is symmetric and leaves v and z invariant we can
choose an orthonormal basis { 1 . . . } of v and { 1 . . . } of z which diago-
nalize Ricn, that is
Ricn( ) = Ricn( ) =
From (2.5) we deduce that if ( ) is Einstein then
(2.7) = −
2
2
=
4
2 for = 1 . . . = 1 . . .
Conversely suppose that (2.7) holds, then it is easily checked that ( ) is Ein-
stein manifold with the Einstein constant − 2(( /4) + ). We therefore have the fol-
lowing proposition.
Proposition 2.3. A BDR-type space ( ) is Einstein manifold if and only if
Ricn satisfies
Ricn|v = − 2
2I v Ricn|z = 4
2I z
where = dim z and = dim v.
REMARK. T. Wolter [10] studied the Einstein condition of metric Lie algebra of
Iwasawa type. Proposition 2.3 is regarded as the special case of Proposition 1.5 and
Theorem 1.6 in [10].
EXAMPLE (Damek-Ricci space). A 2-step nilpotent Lie algebra with a positive
definite inner product is of H-type if there exists a positive constant λ such that
( )2 = −λ2| |2I v
for every ∈ z. A BDR-type space ( ) is called Damek-Ricci space if the Lie alge-
bra of the nilpotent part of equipped with the induced inner product is H-type Lie
algebra. A Damek-Ricci space is called standard if it satisfies λ = .
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If ( ) is DR space, equivalently (n 〈 〉
n
) is of H-type, then from the definition
we immediately obtain the following facts.
| ( ) | = λ| || | for ∈ z ∈ va)
( 1) ◦ ( 2) + ( 2) ◦ ( 1) = −2λ2〈 1 2〉I v for 1 2 ∈ zb)
〈 ( 1) ( 2) 〉 = λ2〈 1 2〉| |2 for 1 2 ∈ z ∈ vc)
〈 ( ) 1 ( ) 2〉 = λ2| |2〈 1 2〉 for ∈ z 1 2 ∈ vd)
[ ( ) ] = λ2| |2 for ∈ z ∈ ve)
Corollary 2.4. Let ( ) be Damek-Ricci space, then the following (1) and (2)
are equivalent.
(1) ( ) is Einstein manifold. (2) ( ) is standard DR space.
Proof. From lemma (2.2), in the case of DR spaces, we have the following:
Ricn|v = − 2 λ
2I v Ricn|z = 4λ
2I z
2.3. BDR-type spaces with nonpositive curvature If the positive constant is
sufficiently large, the BDR-type space has nonpositive sectional curvature ([6]). In fact
the following proposition holds:
Proposition 2.5. Assume that there exists a positive constant such that
| ( ) | ≤ | || | for ∈ z ∈ v
Then if ≤ the BDR-type spaces corresponding to have nonpositive sectional
curvature.
Proof. Let be a BDR-type space corresponding to . From Lemma 2.1 we
have
(( + ) ∧ ) = ( ∧ ) + 3
4
|[ ]|2 − 3
4
|[ ] + z|2 −
2 2
4
| |2
where ∈ n and z denotes the z-component of .
To prove that has nonpositive sectional curvature, it is sufficient to show that
if ∈ n then
(2.8) ( ∧ ) + 3
4
|[ ]|2 ≤ 0
We divide the left-hand side of (2.8) into two parts ( ) and ( ) as follows:
( ) = 1
4
| ( 1) 2|2 + 14 | ( 2) 1|
2 − 1
2
〈 ( 1) 1 ( 2) 2〉
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+
2
2
{2〈 1 2〉〈 1 2〉 − (| 1|2| 2|2 + | 2|2| 1|2)}
( ) = 1
2
{〈 ( 2) 1 ( 1) 2〉 − 〈 ( 1) 1 ( 2) 2〉}
+
2
4
{〈 1 2〉2 − | 1|2| 2|2} + 2{〈 1 2〉2 − | 1|2| 2|2}
where = 1 + 1, = 2 + 2, 1 2 ∈ v, 1 2 ∈ z.
If and are orthogonal, then 〈 1 2〉〈 1 2〉 ≤ 0. Thus we may assume that
〈 1 2〉〈 1 2〉 ≤ 0 without the loss of generality.
Then
( ) ≤
2
4
| 1|2| 2|2 +
2
4
| 2|2| 1|2 +
2
2
| 1|| 2|| 1|| 2| −
2
2
(| 1|2| 2|2 + | 2|2| 1|2)
=
− 2
4
(| 1|| 2| − | 2|| 1|)2 −
2 − 2
2
(| 1|2| 2|2 + | 2|2| 1|2)
Next we put
2 = α 1 + 3 〈 1 3〉 = 0
2 = β 1 + 3 〈 1 3〉 = 0
where α β ∈ R and 3 ∈ z, 3 ∈ v.
Then
( ) = 1
2
{〈 ( 3) 1 ( 1) 3〉 − 〈 ( 1) 1 ( 3) 3〉} −
2
4
| 1|2| 3|2 − 2| 1|2| 3|2
≤ − 2
(
1
2
| 1|| 3| − | 1|| 3|
)2
−
2 − 2
4
(| 1|2| 3|2 + 4| 1|2| 3|2)
REMARK. In the case of DR spaces, we have | ( ) | = λ| || | and hence
Damek-Ricci Einstein spaces have nonpositive sectional curvature.
3. BDR-type Einstein spaces
In this section, we shall construct a class of BDR-type Einstein spaces which are
not DR Einstein spaces. We shall also prove that there exist nonsymmetric BDR-type
Einstein spaces with negative sectional curvature. Notice that if a DR Einstein space
has negative sectional curvature then it is symmetric ([3], [9]).
3.1. BDR-type Einstein spaces Let g be a simple Lie algebra over C and h a
Cartan subalgebra of g. We denote by △ and the root system and the fundamental
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root system relative to h respectively. Take a Weyl basis { α | α ∈ △} with
( α −α) = −1(1)
[ α β] =
{
αβ α+β if α β α + β ∈ △
0 otherwise(2)
αβ = −α−β ∈ R
where is the Killing form of g.
Let 0 be a subset of and suppose that
= {α1 . . . α } 0 = {α 1 . . . α }
For ( 1 . . . ) ∈ (Z≥0) − {0} we put
△( 1 . . . ) =
∑
=1
α ∈ △+
∣∣∣∣ 1 = 1 . . . =

where △+ denotes the set of all positive roots relative to . We define a R-subspace
of gR associated to △( 1 . . . ) by
n( 1 . . . ) =
∑
α∈△( 1 ... )
R α
Finally we define
n( 0) =
∑
1 ...
n( 1 . . . )
Notice that n( 0) = {
∑
α ∈ △+ | ∃ > 0}. Then n( 0) is a nilpotent Lie
algebra over R since the structure constants αβ’s are R-valued.
Let △n( 0) be the set of all roots that define n( 0), that is, n( 0) =∑
α∈△n( 0) R α. We define the inner product 〈 〉n( 0) on n( 0) such that { α | α ∈
△n( 0)} is an orthonormal basis of n( 0). Then the Ricci transformation of n( 0) is
diagonalized with respect to { α | α ∈ △n( 0)} since { α | α ∈ △n( 0)} is a basis
compatible with the grading of n( 0).
A 2-step nilpotent Lie algebra with a positive definite inner product is said to be
nonsingular if each ( )( ∈ z−{0}) is nonsingular transformation of v ([5]). H-type
Lie algebra is the typical example of a nonsingular 2-step nilpotent Lie algebra. On the
other hand most of the 2-step nilpotent Lie algebras of the above type are singular.
Now we consider the BDR-type space whose nilpotent part is defined by a 2-step
nilpotent Lie algebra of the above type. We denote by ( 0) and s ( 0) the
BDR-type space and its Lie algebra induced by the triple data ( 0) respectively.
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If α, β, γ ∈ △n( 0) and α = β + γ then
(3.1) ( α) β = βγ γ
The next lemma follows from (2.6) and (3.1).
Lemma 3.1. Let (n( 0) 〈 〉n( 0)) be a 2-step nilpotent Lie algebra of the above
type. For α ∈ △n( 0) we define
(α) = {β ∈ △n( 0) | α + β ∈ △n( 0)}
(α) = {(β γ) ∈ △n( 0) ×△n( 0) | β + γ = α}
Then the eigenvalue ξα of the Ricci transformation Ricn( 0) with respect to the eigen-
vector α is given by
ξα =

−1
2
∑
β∈ (α)
( αβ)2 if α ∈ v
1
4
∑
(β γ)∈ (α)
( βγ)2 if α ∈ z
Combining this lemma with Proposition 2.3, we can decide whether a given BDR-
type space ( 0) is Einstein manifold or not and the decision does not depend on
the choice of a Weyl basis.
We give here the table of BDR-type Einstein spaces obtained by the construction
above in the case of classical simple Lie algebras (Table 1).
REMARK. BDR-type Einstein spaces induced by type algebra were also ob-
tained in [11] in a different way from ours.
3.2. BDR-type Einstein spaces with negative curvature BDR-type Einstein
spaces do not always have nonpositive sectional curvature. If ∈ v, ∈ z then the
formula of Lemma 2.1 is reduced to
( ∧ ) = 1
4
| ( ) |2 −
2
2
| |2| |2
By using this equation we can check that many of the BDR-type Einstein spaces ob-
tained in the table do not have nonpositive sectional curvature. For instance let
be the fundamental system of the type algebra and 0 be {α }. If 4 ≤ and
3 ≤ ≤ − 1, the BDR-type Einstein space
( 0) = 1√2 ( + 1)
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g ( 0) dim z dim v ( 0)
c
1
. . . × . . .
( + 1 = + )
× . . . c
− 1
c
1√
2 ( + )
2 2 ( − ) not DR ( 6= 1),
(2 ≤ ) C ( = 1)
c
1
c
2
. . .
(2 ≤ ≤ )
× . . . c
− 1
=⇒ c
1√ (2 −1)
( −1)
2 (2 − 2 + 1) not DR ( 6= 2),
(2 ≤ ) C 2 −2 ( = 2)
c
1
c
2
. . .
(1 ≤ ≤ − 1)
× . . . c
− 1
⇐= c
1√
2 ( +1)
( +1)
2 2 ( − ) not DR ( 6= 1),
(3 ≤ ) C ( = 1)
4
×
1
c
2

H
×
c
3
4
×
1
c
2

H
c
×
3
4
1
3
√
2 3 6 not DR
c
1
c
2
. . .
(2 ≤ ≤ − 2)
× . . . c
H
c
c
− 1
1√
2 ( −1)
( −1)
2 2 ( − ) not DR ( 6= 2),
(4 ≤ ) C 2 −3 ( = 2)
c
1
c
2
. . . c . . . c
H
×
×
− 1
1√
2( −1)
( −1)( −2)
2 2( − 1) not DR
(4 ≤ )
Table 1. (The vertex × denotes the element of 0)
does not have nonpositive sectional curvature. To see this fact, we choose the Wyle
basis α, β ∈ v and γ ∈ z such that α+β = γ and γ is a long root. Since ( αβ)2 =
(√2( + 1))−2, we obtain
( α ∧ γ) = 14( αβ)
2| β|2 − 12
1
2 ( + 1) | α|
2| γ |2
=
− 2
8 ( + 1)
Now we are in a position to show the following theorem.
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Theorem 3.2. (i) Let be the fundamental system of the type algebra and
0 be {α3}. If 4 ≤ , the BDR-type Einstein space
( 0) = 1√3(2 − 1)
has negative sectional curvature.
(ii) Let be the fundamental system of the type algebra and 0 be {α3}. If 5 ≤
, the BDR-type Einstein space
( 0) = 1√6( − 1)
has negative sectional curvature.
In particular there exist nonsymmetric BDR-type Einstein spaces with negative
sectional curvature.
To prove the above theorem, we need the following lemma.
Lemma 3.3. Let be the fundamental root system of the type (4 ≤ ) and 0
be {α3}. If 1/(2
√(2 − 1)) ≤ then ( ) ≤ 0 ( ) ≤ 0
Proof of Lemma 3.3. We assign the indices to the elements of △n( 0) as follows:
α 1 =
∑
=
α (1 ≤ ≤ 3)
α =
+1∑
=
α (1 ≤ ≤ 3 2 ≤ ≤ − 2)
α =
∑
=
α +
∑
= − +5
α (1 ≤ ≤ 3 − 1 ≤ ≤ 2 − 5)
β1 = α2 +
∑
=3
2α
β2 = α1 + α2 +
∑
=3
2α
β3 = α1 +
∑
=2
2α
We choose the Weyl basis such that α 1 1α 2 2≥ 0 if 1 < 2, α 1 1α 2 2≤ 0 if 1 > 2,
for 1 ≤ 1 2 ≤ 3, 2 ≤ 1 ≤ − 2, − 1 ≤ 2 ≤ 2 − 5, where the structure constants
356 K. MORI
satisfy
( αβ)2 =

1
2(2 − 1) if α β α + β ∈ △
n( 0)
0 otherwise
We put
δ =
∑
δ
α δ =
3∑
=1
δ
β for δ = 1 2
Then for 1 ≤ δ δ′ ≤ 2 1 ≤ ≤ 2 − 5 we get
( δ) δ′ =
1√
2(2 − 1)
[(
δ
2
δ′
31 +
δ
3
δ′
21
)
α11 +
(
δ
1
δ′
31 − δ3 δ
′
11
)
α21 −
(
δ
1
δ′
21 +
δ
2
δ′
11
)
α31
+
2 −5∑
=2
{(
δ
2
δ′
3 2 −3− +
δ
3
δ′
2 2 −3−
)
α1 +
(
δ
1
δ′
3 2 −3− − δ3 δ
′
1 2 −3−
)
α2
−
(
δ
1
δ′
2 2 −3− +
δ
2
δ′
1 2 −3−
)
α3
}]
Next we put
δδ′ :=
δ
1
δ′
1 − δ2 δ
′
2 +
δ
3
δ′
3 for 1 ≤ δ δ′ ≤ 2 1 ≤ ≤ 2 − 5
Then we obtain the following equation:
1
4
〈 ( δ1 ) δ2 ( δ′1 ) δ′2〉 −
1
8(2 − 1) 〈 δ1 δ′1〉〈 δ2 δ′2〉(3.2)
=
−1
8(2 − 1)
2 −5∑
=1
δ1δ′2 δ′1δ2
Since 2〈 1 2〉〈 1 2〉 − (| 1|2| 2|2 + | 2|2| 1|2) ≤ 0, to prove ( ) ≤ 0 it is
sufficient to show that if = 1/(2√2 − 1) then ( ) ≤ 0. Using (3.2) we get
( ) =
(
1
4
| ( 1) 2|2 − 18(2 − 1) | 2|
2| 1|2
)
+
(
1
4
| ( 2) 1|2 − 18(2 − 1) | 1|
2| 2|2
)
− 2
(
1
4
〈 ( 1) 1 ( 2) 2〉 − 18(2 − 1)〈 1 2〉〈 1 2〉
)
=
−1
8(2 − 1)
2 −5∑
=1
( 12 − 21)2 ≤ 0
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To prove ( ) ≤ 0 we will show that
(3.3) |〈 ( 2) 1 ( 1) 2〉 − 〈 ( 1) 1 ( 2) 2〉| ≤ 12(2 − 1) | 1|| 2|| 1|| 2|
for 1 2 ∈ z, 1 2 ∈ v. If (3.3) holds, the same estimates as the proof of Proposi-
tion 2.5 accomplish the proof. In fact
( ) = 1
2
{〈 ( 3) 1 ( 1) 3〉 − 〈 ( 1) 1 ( 3) 3〉}
−
2
4
| 1|2| 3|2 − 2| 1|2| 3|2
≤ 1
2
{〈 ( 3) 1 ( 1) 3〉 − 〈 ( 1) 1 ( 3) 3〉}
− 2| 1|| 3|| 1|| 3|(3.4)
therefore if (3.3) holds we get ( ) ≤ 0.
We put
1 =
2 −5∑
=1
( )
1 2 =
2 −5∑
=1
( )
2
where ( )1
( )
2 ∈ Span{ α1 α2 α3 }.
Using Schwarz’s inequality we get
|〈 ( 2) (1)1 ( 1) (1)2 〉 − 〈 ( 1) (1)1 ( 2) (1)2 〉|
=
1
2(2 − 1) |(
1
1
2
2 − 12 21)( 121 211 − 111 221) + ( 11 23 − 13 21)( 111 231 − 131 211)
+ ( 12 23 − 13 22)( 131 221 − 121 231)|
≤ 1
2(2 − 1)
√ ∑
1≤ < ≤3
( 1 2 − 1 2)2
√ ∑
1≤ < ≤3
( 11 21 − 11 21)2
=
1
2(2 − 1)
√
| 1|2| 2|2 − 〈 1 2〉2
√
| (1)1 |2| (1)2 |2 − 〈 (1)1 (1)2 〉2
≤ 1
2(2 − 1) | 1|| 2||
(1)
1 || (1)2 |
Similarly for 2 ≤ ≤ − 2 − 1 ≤ ′ ≤ 2 − 5 we get
|〈 ( 2) ( )1 ( 1) ( )2 〉 − 〈 ( 1) ( )1 ( 2) ( )2 〉|
≤ 1
2(2 − 1) | 1|| 2||
( + −3)
1 || ( + −3)2 |
|〈 ( 2) (
′)
1 ( 1) (
′)
2 〉 − 〈 ( 1) (
′)
1 ( 2) (
′)
2 〉|
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≤ 1
2(2 − 1) | 1|| 2||
( ′− +3)
1 || (
′− +3)
2 |
Then
|〈 ( 2) 1 ( 1) 2〉 − 〈 ( 1) 1 ( 2) 2〉|
≤
2 −5∑
=1
|〈 ( 2) ( )1 ( 1) ( )2 〉 − 〈 ( 1) ( )1 ( 2) ( )2 〉|
≤ 1
2(2 − 1) | 1|| 2|
2 −5∑
=1
| ( )1 || ( )2 |

≤ 1
2(2 − 1) | 1|| 2|| 1|| 2|
Proof of Theorem 3.2. We will prove (i). (ii) can be proved in the same way as
(i) and hence the proof of (ii) is omitted.
From Lemma 3.3, if 4 ≤ then ( 0) ( = 1/
√
3(2 − 1)) has nonpositive
sectional curvature. To prove that ( 0) has negative sectional curvature, it is suf-
ficient to show that if ∈ n and and are linearly independent then
(3.5) ( ∧ ) + 3
4
|[ ]|2 < 0
Again we divide the left-hand side of (3.5) into two parts ( ) and ( ) as the
proof of Proposition 2.5. Next we assume that there exist ∈ n such that
( ∧ ) + 3
4
|[ ]|2 = 0
We have ( ) ≤ 0 ( ) ≤ 0 from Lemma 3.3. Combining this fact with the assumption,
we get ( ) = ( ) = 0 when = 1/√3(2 − 1).
From Schwarz’s inequality notice that
2〈 1 2〉〈 1 2〉 − (| 1|2| 2|2 + | 2|2| 1|2) ≤ 0
〈 1 2〉2 − | 1|2| 2|2 ≤ 0
〈 1 2〉2 − | 1|2| 2|2 ≤ 0
and hence both ( ) and ( ) are decreasing functions with respect to . Since ( ) ≤
0 ( ) ≤ 0 when = 1/(2√(2 − 1)), we conclude that ( ) = ( ) = 0 when =
1/(2√(2 − 1)).
Then
0 = ( )|
=1/
√
3(2 −1) − ( )| =1/(2√(2 −1))
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=
1
24(2 − 1){2〈 1 2〉〈 1 2〉 − (| 1|
2| 2|2 + | 2|2| 1|2)}
Combining similar comuputations for ( ), we get
2〈 1 2〉〈 1 2〉 − (| 1|2| 2|2 + | 2|2| 1|2) = 0
〈 1 2〉2 − | 1|2| 2|2 = 0
〈 1 2〉2 − | 1|2| 2|2 = 0
and hence and are not linearly independent. So (3.5) holds.
As for the symmetricity, we can check that ∇ does not vanish for the BDR-type
Einstein spaces above.
REMARK. For the type 3 algebra, BDR-type Einstein space ( {α3}) ( =
1/
√
15) has negative sectional curvature. For the type 4 algebra, BDR-type Einstein
spaces ( {α3 α4}), ( {α1 α3}), ( {α1 α4}) ( = 1/(3
√
2)) have negative
sectional curvature.
3.3. BDR-type Einstein spaces with nonpositve curvature As for the type
and algebra we have the following theorem.
Theorem 3.4. (i) Let be the fundamental system of the type algebra and
0 be {α2 α −1}. If 4 ≤ , the BDR-type Einstein space
( 0) = 12√ + 1
has nonpositive sectional curvature.
(ii) Let be the fundamental system of the type algebra and 0 be {α2}. If 3 ≤ ,
the BDR-type Einstein space
( 0) = 12√ + 1
has nonpositive sectional curvature.
Proof. We will prove (ii). (i) can be proved in the same way as (ii) and hence
the proof of (i) is omitted.
We assign the indices to the elements of △n( 0) as follows:
β1 = α1 +
−1∑
=2
α + α
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β2 =
−1∑
=2
2α + α
β3 =
−1∑
=1
2α + α
α =
+1∑
=
α (1 ≤ ≤ 2 1 ≤ ≤ − 2)
α = β6− −
+1∑
= −2
α (3 ≤ ≤ 4 1 ≤ ≤ − 2)
We choose the Weyl basis such that α 1 1α 2 2 ≥ 0 if 1 < 2, α 1 1α 2 2 ≤ 0 if
1 > 2, for 1 ≤ 1, 2 ≤ 4, 1 ≤ 1 ≤ − 2, where the structure constants satisfy
( αβ)2 =

1
2( + 1) if α β ∈ △
n( 0) and α + β ∈ {β2 β3}
1
4( + 1) if α β ∈ △
n( 0 )and α + β = β1
0 otherwise
We put
δ =
∑
δ
α δ =
3∑
=1
δ
β for δ = 1 2
Then we get
( δ) δ′ = −12√( + 1)
−2∑
=1
{( δ1 δ
′
4 +
√
2 δ3 δ
′
3 ) α1 + ( δ1 δ
′
3 +
√
2 δ2 δ
′
4 ) α2
−( δ1 δ
′
2 +
√
2 δ3 δ
′
1 ) α3 − ( δ1 δ
′
1 +
√
2 δ2 δ
′
2 ) α4 }
Hence we obtain the following equation:
1
4
〈 ( δ1 ) δ2 ( δ′1 ) δ′2〉 −
1
8( + 1) 〈 δ1 δ′1〉〈 δ2 δ′2〉
=
−1
16( + 1)
−2∑
=1
{( δ11 δ
′
2
1 −
√
2 δ13
δ′2
2 )( δ
′
1
1
δ2
1 −
√
2 δ
′
1
3
δ2
2 )
+( δ11 δ
′
2
2 −
√
2 δ12
δ′2
1 )( δ
′
1
1
δ2
2 −
√
2 δ
′
1
2
δ2
1 )(3.6)
+( δ11 δ
′
2
3 −
√
2 δ13
δ′2
4 )( δ
′
1
1
δ2
3 −
√
2 δ
′
1
3
δ2
4 )
+( δ11 δ
′
2
4 −
√
2 δ12
δ′2
3 )( δ
′
1
1
δ2
4 −
√
2 δ
′
1
2
δ2
3 )}
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Using (3.6) we get
( ) =
(
1
4
| ( 1) 2|2 − 18( + 1) | 2|
2| 1|2
)
+
(
1
4
| ( 2) 1|2 − 18( + 1) | 1|
2| 2|2
)
−2
(
1
4
〈 ( 1) 1 ( 2) 2〉 − 18( + 1) 〈 1 2〉〈 1 2〉
)
=
−1
16( + 1)
−2∑
=1
[
{( 11 21 −
√
2 13 22 )− ( 21 11 −
√
2 23 12 )}2
+ {( 11 22 −
√
2 12 21 )− ( 21 12 −
√
2 22 11 )}2
+ {( 11 23 −
√
2 13 24 )− ( 21 13 −
√
2 23 14 )}2
+ {( 11 24 −
√
2 12 23 )− ( 21 14 −
√
2 22 13 )}2
]
≤ 0
To prove ( ) ≤ 0 it is sufficient to show the following inequality (see (3.4)):
(3.7) |〈 ( 2) 1 ( 1) 2〉 − 〈 ( 1) 1 ( 2) 2〉| ≤ 12( + 1) | 1|| 2|| 1|| 2|
for 1 2 ∈ z, 1 2 ∈ v. (3.7) can be proved in the same way as the proof of (3.3).
In fact the left-hand side of (3.7) is given by
√
2
4( + 1)
∣∣∣∣∣∣
−2∑
=1
( 11 22 − 21 12)( 21 12 − 11 22 ) +
−2∑
=1
( 11 23 − 21 13)( 11 22 − 21 12 )
+
−2∑
=1
( 11 22 − 21 12)( 23 14 − 13 24 ) +
−2∑
=1
( 11 23 − 21 13)( 13 24 − 23 14 )
∣∣∣∣∣∣
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